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ୈ 3ষ

఺ͷม׵

௚ަ࠲ඪܥΛఆΊͨฏ໘ɼۭؒΛͦΕͧΕ R2, R3 ͱॻ͘ɽ͜ͷষͰ͸ฏ໘΍ۭؒ಺ͷ

ม׵ɼͭ·Γɼࣸ૾ f : Rn → Rn Λѻ͏ (n = 2, 3)ɽಛʹɼn࣍ਖ਼ํྻߦM ͱϕΫτϧ

v⃗ Λ༻͍ͯ f(p⃗) = Mp⃗ + v⃗ ͱఆٛ͞ΕΔΞϑΟϯม׵ͷੑ࣭Λཧղ͠ɼ֦େ΍ॖখɼճ

సͳͲͷม׵Λ਺ֶతʹදݱͰ͖ΔΑ͏ʹͳΔ͜ͱ͕໨ඪͰ͋Δɽ

Ҏޙɼnͱॻ͍ͨ৔߹͸ 2ʢฏ໘ͷ৔߹ʣ·ͨ͸ 3ʢۭؒͷ৔߹ʣΛද͢ͱ͢Δɽ·ͨɼ

఺ P ͱͦͷҐஔϕΫτϧ p⃗ΛಉҰ͠ࢹɼp⃗Λͦͷ੒෼Λॎʹฒ΂ͯॻ͘ʢn× ͱΈྻߦ1

ͳ͢ʣɽ

3.1 ઢܗม׵

3.1.1 ఆٛͱੑ࣭

ఆٛ 3.1. n࣍ਖ਼ํྻߦM ʹର͠, p⃗ #→ Mp⃗Ͱఆٛ͞ΕΔࣸ૾ΛM ͕ఆΊΔઢܗม׵ͱ

͍͍, fM ͱॻ͘ʢͭ·Γ, fM : Rn → Rn, fM (p⃗) = Mp⃗ʣ. ͜͜Ͱ, Mp⃗͸ p⃗Λ n× ߦ1

ྻͱΈͳͨ͠ͱ͖ͷM ͱͷྻߦͷੵͰ͋Δ.

Ұൠʹ, ࣸ૾ f ʹର͠, f(P )Λ఺ P ͷ f ʹΑΔ૾ͱ͍͏.

ྫ 3.2. Mྻߦ =

(
1 2

3 4

)
͕ఆΊΔ R2 ͷઢܗม׵ fM ʹ͍ͭͯ࣍ͷ໰ʹ౴͑ͳ͍͞.

(1) ఺ P (−2, 3)ͷ૾ fM (P )ΛٻΊͳ͍͞.

(2) ύϥϝʔλʔදࣔ p⃗(t) = (t− 3, 2t+ 1)Ͱද͞ΕΔ௚ઢΛ ℓͱ͢Δ. ℓͷ fM ʹΑ

Δ૾͕ͲͷΑ͏ͳਤܗʹͳΔ͔͠࡯ߟͳ͍͞.

(3) ํఔࣜ y = 2x+ 7Ͱද͞ΕΔ௚ઢΛmͱ͢Δ. mͷ fM ʹΑΔ૾͕ͲͷΑ͏ͳਤ

.ͳ͍͞͠࡯ߟͳΔ͔ʹܗ

ղ. (1) fM (P ) =

(
1 2

3 4

)(
−2

3

)
=

(
4

6

)
.
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(2) fM (p⃗(t)) =

(
1 2

3 4

)(
t− 3

2t+ 1

)
=

(
5t− 1

11t− 5

)
=

(
−1

−5

)
+ t

(
5

11

)
. ͠

͕ͨͬͯ, ℓͷ fM ʹΑΔ૾͸, ఺ (−1,−5)Λ௨Γ, ϕΫτϧ޲ํ (5, 11)ͷ௚ઢͰ͋Δ.

(3) m ͷํఔࣜʹ͓͍ͯ x = t ͱ͓͘ͱ, y = 2t + 7 Ͱ͋Δ. ͕ͨͬͯ͠, m ্ͷ఺

͸ q⃗(t) = (t, 2t + 7)ͱද͢͜ͱ͕Ͱ͖Δ. ͜Ε͸ mͷύϥϝʔλʔදࣔͰ͋Δ. ͜ΕΛ

fM Ͱม͢׵Δͱ fM (q⃗(t)) =

(
1 2

3 4

)(
t

2t+ 7

)
=

(
5t+ 14

11t+ 28

)
ͱͳΔ. ͜͜Ͱ,

x = 5t + 14, y = 11t + 28ͱ͓͖, tΛফ͢ڈΔͱ 11x− 5y = 14ͱͳΔ. ͜Ε͕ mͷ

fM ʹΑΔ૾Ͱ͋Δ௚ઢͷํఔࣜͰ͋Δ.

ྫ 3.3. ύϥϝʔλʔදࣔ p⃗(t) = (t − 3, 2t + 1) Ͱද͞ΕΔ௚ઢΛ ℓ ͱ͢Δ. ྻߦ

N =

(
−2 1

1 − 1
2

)
͕ఆΊΔ R2 ͷઢܗม׵ fM ʹΑΔ ℓͷ૾͕ͲͷΑ͏ͳਤܗʹͳΔ

.ͳ͍͞͠࡯ߟ͔

ղ. (1) fN (p⃗(t)) =

(
−2 1

1 − 1
2

)(
t− 3

2t+ 1

)
=

(
7

− 3
2

)
. ͕ͨͬͯ͠, ௚ઢ ℓ͸ fM

ʹΑͬͯ఺
(
7,− 3

2

)
ʹҠΔ.

ઢܗม׵͸࣍ͷੑ࣭Λຬͨ͢.

ઢܗม׵ͷੑ࣭✓ ✏
fM ΛྻߦM ͕ఆΊΔઢܗม׵ͱ͢Δ. ͜ͷͱ͖, ೚ҙͷϕΫτϧ a⃗, b⃗ͱ࣮਺ cʹର

ͯ͠,

(1) fM (⃗a+ b⃗) = fM (⃗a) + fM (⃗b),

(2) fM (c a⃗) = c fM (⃗a)

͕੒Γཱͭ. ·ͨ, ͲΜͳઢܗม׵΋ fM (⃗0) = 0⃗Λຬͨ͢.✒ ✑
(1)(2)ͷੑ࣭͸ྻߦͷ࿨ͱεΧϥʔഒͷઢੑܗʹΑΔ. ͷओு͸ޙ࠷ (2)͔Β௚ͪʹಘ

ΒΕΔʢc = 0ͱ͢Ε͹Α͍ʣ. Ұൠʹ,

ఆٛ 3.4. ม׵ f ʹର͠, f(P ) = P Λຬͨ͢ P Λ f ͷෆಈ఺ͱ͍͏.

ͭ·Γ, 0⃗͸͢΂ͯͷઢܗม׵ͷෆಈ఺Ͱ͋Δ.

ͷੑ࣭ه্ (1)(2) Λ༻͍Δͱ, ྫ 3.2, 3.3 ͷΑ͏ͳ໰୊ʢύϥϝʔλʔදࣔ͞Εͨ

ਤܗͷ૾ΛٻΊΔ໰୊ʣ͸, ΑΓҰൠతʹ͑ߟΔ͜ͱ͕Ͱ͖Δ. ௚ઢ্ͷ఺͸ p⃗(t) =

a⃗+ tv⃗ (−∞ < t < ∞) ͱද͞ΕΔͷͰ, ͜ΕΛઢܗม͢׵Δͱ,

fM (p⃗(t)) = fM (⃗a+ tv⃗) = fM (⃗a) + tfM (v⃗) (3.1)

ͱͳΔ. ΋͠, fM (v⃗) ̸= 0⃗ͳΒ͹, (3.1)ͷӈล͸఺ fM (⃗a)Λ௨Γ, ϕΫτϧ͕޲ํ fM (v⃗)
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ͷ௚ઢΛද͢. ͔͠͠, fM (v⃗) = 0⃗ͳΒ͹, (3.1)ͷӈล͸ఆ఺ fM (⃗a)ͱͳΔͷͰ, ͜ͷ৔

߹͸௚ઢ͸ fM ʹΑͬͯ 1఺ʹͭͿΕͯ͠·͏. Ұൠతʹ͕࣍੒Γཱͭ.

ఆཧ 3.5. ௚ઢ͸ઢܗม׵ fM ʹΑͬͯ, ௚ઢ͔̍఺ʹҠΔ. ·ͨ, ฏ໘͸ઢܗม׵ fM ʹ

Αͬͯ, ฏ໘͔௚ઢ, ·ͨ͸̍఺ʹҠ͞ΕΔ.

ઢܗม׵ͷੑ࣭ͱͯ͠͸࣍ͷ͕࣮ࣄຊ࣭తͰ͋Δ.

ఆཧ 3.6. Rn ͷม׵ʢࣸ૾ʣf : Rn → Rn ͕೚ҙͷϕΫτϧ a⃗, b⃗ͱ࣮਺ cʹରͯ͠

f (⃗a+ b⃗) = f (⃗a) + f (⃗b), f(c a⃗) = c f (⃗a)

Λຬͨ͢ͱ͢Δ. ͜ͷͱ͖, f ͸ઢܗม׵Ͱ͋Δ. ͭ·Γ, f = fM ͱͳΔྻߦM ͕ଘࡏ

͢Δ.

Proof. ฏ໘ R2 ͷม׵ f ʹ͍ͭͯࣔ͢ʢۭؒͷม׵ʹ͍ͭͯ΋ಉ༷ʹࣔͤΔʣ. R2 ͷج

ຊϕΫτϧΛ e⃗1, e⃗2 ͱ͢Δͱ, ೚ҙͷ఺ p⃗ =

(
p1

p2

)
͸ઢ݁ܗ߹ p⃗ = p1e⃗1 + p2e⃗2 ͱද͞

ΕΔ. Ծఆ͔Β

f(p⃗) = f(p1e⃗1 + p2e⃗2) = f(p1e⃗1) + f(p2e⃗2) = p1f(e⃗1) + p2f(e⃗2)

ͱͳΔ. f(e⃗j)΋ e⃗1, e⃗2 ͷઢ݁ܗ߹ͰදͤΔͷͰ, f(e⃗j) = a1j e⃗1 + a2j e⃗2 ͱͳΔ࣮਺ aij

͕ఆ·Δ*1. ͜ͷͱ͖,

f(p⃗) =p1f(e⃗1) + p2f(e⃗2)

=p1 (a11 e⃗1 + a21 e⃗2) + p2 (a12 e⃗1 + a22 e⃗2)

= (p1a11 + p2a12) e⃗1 + (p1a21 + p2a22) e⃗2

ͭ·Γ, f(p⃗)Λ੒෼දࣔ͢Δͱ

f(p⃗) =

(
p1a11 + p2a12
p1a21 + p2a22

)
=

(
a11 a12
a21 a22

)(
p1
p2

)

ͱͳΓ, f ͸ྻߦ

(
a11 a12

a21 a22

)
͕ఆΊΔઢܗม׵Ͱ͋Δ͜ͱ͕Θ͔Δ.

3.1.2 ओͳઢܗม׵

׵౳ม߃

ఆٛ 3.7. ୯Ґྻߦ In ͕ఆΊΔઢܗม׵Λ߃౳ม׵ͱ͍͍, I ͱॻ͘. ͭ·Γ, I ͸೚ҙ

ͷ఺ p⃗ʹର͠, I(p⃗) = p⃗Λຬͨ͢ม׵Ͱ͋Δ.

*1 ͜ͷ਺ {aij}͸࠲ඪܥͱ f ʹͷΈґଘܾͯ͠·Δ.
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֦େɾॖখ, ૬ࣅม׵

ର֯ྻߦ

D(a,b) =

(
a 0
0 b

)
(a, b ̸= 0) (3.2)

͸ฏ໘಺ͷਤܗͷ֦େ΍ॖখ, ૬ࣅม׵Λද͢ʢཪฦΓ΋ؚΉʣ. ͨͱ͑͹, ྻߦ D(a,1)

ʹ͍ͭͯ͸,

D(a,1)

(
x
y

)
=

(
a 0
0 1

)(
x
y

)
=

(
ax
y

)

Ͱ͋Δ͔Β, D(a,1) ͔Βఆ·Δઢܗม׵ʹΑͬͯ఺͸ x࣠ํ޲ʹͷΈҠಈ͢Δʢaഒ͞Ε

Δʣ. |a| > 1ͷͱ͖͸ x࣠ํ޲ͷ֦େม׵ͱͳΓʢਤ 3.1(i)ʣ, 0 < |a| < 1ͷͱ͖͸ x࣠

.ͱͳΔ׵ͷॖখม޲ํ ͨͩ͠, a͕ෛͷͱ͖͸ਤ͕ܗཪͬฦ͠ʹͳΔ͜ʹ஫ҙͤΑʢਤ

3.1(ii)ʣ.

ಉ༷ʹ, D(1,b) ͔Βఆ·Δઢܗม׵͸ y ͷ֦େɾॖখͰ͋Δʢਤ޲ํ࣠ 3.1(iii)ʣ.

D(a,a) (= aI2) ͸૬֦ࣅେʢ|a| > 1ʣ·ͨ͸, ૬ॖࣅখʢ0 < |a| < 1ʣΛఆΊΔʢਤ

3.1(iv)ʣ.

(i) (ii)

(iii) (iv)

ਤ 3.1 ฏ໘ʹ͓͚Δ֦େɾॖখͱ૬ࣅม׵
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ۭؒ R3 ʹ͓͚Δ֦େɾॖখɾ૬ࣅม׵͸ର֯ྻߦ

D(a,b,c) =

⎛

⎝
a 0 0
0 b 0
0 0 c

⎞

⎠ (a, b, c ̸= 0) (3.3)

ʹΑͬͯఆٛ͞ΕΔ.

ͤΜஅ

ର֯੒෼͕͢΂ͯ 1ͷྻߦ֯ࡾ

Sx
(k) =

(
1 k
0 1

)
, Sy

(k) =

(
1 0
k 1

)
(3.4)

͕ఆΊΔઢܗม׵ΛͤΜஅͱΑͿ.

ͤΜஅͱ͸, ͲͷΑ͏ͳม͑ߟ͔׵Δ. ྻߦ Sx
(k) ʹର͠,

Sx
(k)

(
x
y

)
=

(
1 k
0 1

)(
x
y

)
=

(
x+ ky

y

)

Ͱ͋Δ͔Β, Sx
(k) ͔Βఆ·Δઢܗม׵ʹΑͬͯ, ఺͸ x࣠ํ޲ʹͣΕΔ. ͨͩ͠, ͣΕ෯͸

఺ͷ y ,ඪʹґଘ͠࠲ ͣΕͷํ޲͸ k ͷූ߸ʹґଘ͢Δʢਤ .ʣࠨ3.2 ಉ༷ʹ, ྻߦ Sy
(k)

͸, ਤ 3.2ӈͷΑ͏ͳ y .ΛఆΊΔ׵ͷͣΕม޲ํ࣠

ਤ 3.2 ฏ໘ʹ͓͚ΔͤΜஅ

ಉ༷ʹ, ۭؒ R3 ͷͤΜஅͱ͸, ྻߦ֯ࡾ3࣍

⎛

⎝
1 k 0
0 1 0
0 0 1

⎞

⎠ ,

⎛

⎝
1 0 0
0 1 k
0 0 1

⎞

⎠ ,

⎛

⎝
1 0 k
0 1 0
0 0 1

⎞

⎠ ,

⎛

⎝
1 0 0
k 1 0
0 0 1

⎞

⎠ ,

⎛

⎝
1 0 0
0 1 0
0 k 1

⎞

⎠ ,

⎛

⎝
1 0 0
0 1 0
k 0 1

⎞

⎠

(3.5)

ʹΑͬͯఆٛ͞ΕΔઢܗม׵Λͷ͜ͱΛ͍͏.
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ճసม׵

࣮਺ θ ʹର͠, ྻߦ

R(θ) =

(
cos θ − sin θ
sin θ cos θ

)
(3.6)

͕ఆΊΔઢܗม׵͸ฏ໘ͷݪ఺Λத৺ͱ͢Δ, ֯౓ θ ͷճసʢ൓࣌ܭճΓʣΛ༩͑Δ͜ͱ

Λࣔ͢.

ฏ໘ͷ೚ҙͷ఺ P (x, y) ͸, (x, y) = (r cosϕ, r sinϕ) ͱද͢͜ͱ͕Ͱ͖Δʢ͜ΕΛฏ

໘্ͷ఺ͷۃදࣔͱ͍͏ʣ. ͜͜Ͱ, r͸ݪ఺͔Βͷڑ཭ʢͭ·Γ, r = ∥−−→OP∥ʣͰ, ϕ͸ x

࣠ͱઢ෼ OP ͱͷͳ֯͢ʢਤ 3.3ΛࢀরʣͰ͋Δ.

ਤ 3.3 ฏ໘্ͷ఺ͷۃදࣔ

͜ͷͱ͖, ਺ͷՃ๏ఆཧ͔Βؔ֯ࡾ

R(θ)

(
x
y

)
=

(
cos θ − sin θ
sin θ cos θ

)(
r cosϕ
r sinϕ

)
=

(
r cos(ϕ+ θ)
r sin(ϕ+ θ)

)

ͱͳΓ, ͜Ε͸൓࣌ܭपΓʹͪΐ͏Ͳ θ ͚ͩճస͍ͯ͠Δ͜ͱΛҙຯ͢Δʢਤ .ʣࠨ3.4

ਤ 3.4 ఺Λத৺ͱ͢Δ֯౓ݪ θ ͷճసม׵

ۭؒ R3 Ͱ͸, ௚ઢ ℓʢํ޲ϕΫτϧ͸୯ҐϕΫτϧ v⃗ʣ͕༩͑ΒΕΔͱ, ͦΕΛ࣠ͱ͢

Δ θ-ճస͕࣍ͷΑ͏ʹఆٛͰ͖Δʢਤ ;ʣࠨ3.5 ఺ P ʹର͠, P Λ௨Γ v⃗ Λ๏ઢϕΫτϧ
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͢Δฏ໘Λ π ͱ͠, π ͱ ℓͷަ఺Λ O′ ͱ͢Δ. ͜ͷͱ͖, ఺ O′ Λத৺ͱ͢Δฏ໘ π ্ͷ

θ-ճసΛ P ఺ͨ͠ࢪʹ QΛ, P ͷ ℓʹؔ͢Δ θ-ճస૾ͱఆٛ͢Δʢਤ 3.5ӈʣ. ಛʹ, x

࣠, y ࣠, z ࣠Λճస࣠ͱ͢Δճసม׵͸ҎԼͷྻߦʹΑͬͯ༩͑ΒΕΔ;

Rx
(θ) =

⎛

⎝
1 0 0
0 cos θ − sin θ
0 sin θ cos θ

⎞

⎠ , Ry
(θ) =

⎛

⎝
cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

⎞

⎠ , Rz
(θ) =

⎛

⎝
cos θ − sin θ 0
sin θ cos θ 0
0 0 1

⎞

⎠ .

(3.7)

ਤ 3.5 ۭؒ಺ͷ௚ઢ ℓΛճస࣠ͱ͢Δ֯౓ θ ͷճసม׵

Ұൠʹ, ϕΫτϧ͕޲఺Λ௨Γํݪ v⃗ = (a, b, c) ʢͨͩ͠, v⃗ ͸୯ҐϕΫτϧͱ͢Δ. ͭ

·Γ a2 + b2 + c2 = 1ʣͷ௚ઢΛճస࣠ͱ͢Δ θ-ճస͸ྻߦ

R(a,b,c)
θ =

⎛

⎝
cos θ + (1− cos θ)a2 (1− cos θ)ab− c sin θ (1− cos θ)ca+ b sin θ
(1− cos θ)ab+ c sin θ cos θ + (1− cos θ)b2 (1− cos θ)bc− a sin θ
(1− cos θ)ca− b sin θ (1− cos θ)bc+ a sin θ cos θ + (1− cos θ)c2

⎞

⎠

=cos θ I3 + (1− cos θ)

⎛

⎝
a2 ab ca
ab b2 bc
ca bc c2

⎞

⎠+ sin θ

⎛

⎝
0 −c b
c 0 −a
−b a 0

⎞

⎠

(3.8)

ʹΑͬͯ༩͑ΒΕΔઢܗม׵Ͱ͋Δ.

׵өมڸ

ฏ໘಺ͷݪ఺Λ௨Δ௚ઢ ℓʹର͠, ࣍ͷΑ͏ʹม׵ f Λఆٛ͢Δ; ఺ P ʹର͠, P Λ௨

Γ ℓ ʹ௚ަ͢Δ௚ઢΛ m ͱ͢Δ. ͜ͷͱ͖, ఺ f(P ) Λ (i) m ্ͷ఺Ͱ, (ii) P ͱ f(P )

ͷத఺͕ ℓ ͱ m ͱͷަ఺ͱͳΔΑ͏ʹఆΊΔʢਤ 3.6 .ʣࠨ ͜ͷΑ͏ʹͯ͠ఆ·Δม׵

f : P #→ f(P )*2 Λ௚ઢ ℓʹؔ͢ΔڸөͱΑͿ.

,ө͸ڸ ྻߦ

R−
(θ) =

(
cos θ sin θ
sin θ − cos θ

)
(3.9)

*2 ͜ͷม׵͸, ℓ͕ݪ఺Λ௨Βͳ͍௚ઢͰ͋ͬͯ΋ఆٛͰ͖Δ͕, ͜ͷ৔߹͸ઢܗม׵ʹͳΒͳ͍.
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ਤ 3.6 R2 ಺ͷ௚ઢ ℓʹؔ͢Δڸөม׵

ʹΑͬͯఆٛ͞ΕΔઢܗม׵Ͱ͋Δ*3. ಛʹ,

R−
(0) =

(
1 0
0 −1

)
, R−

(π) =

(
−1 0
0 1

)

͸ͦΕͧΕ x࣠, y ࣠ʹؔ͢ΔڸөͰ͋Δ.

ۭؒ R3 ʹ͓͍ͯ΋, ฏ໘ π ʹؔ͢ΔڸөΛಉ༷ʹఆٛ͢Δ͜ͱ͕Ͱ͖Δ*4. ͭ·Γ, ఺

P ʹର͠, ఺ P Λ௨Γ π ʹ௚ަ͢Δ௚ઢΛ mͱ͢Δ. ͜ͷͱ͖, ఺ f(P )Λ (i) m্ͷ

఺Ͱ, (ii) P ͱ f(P )ͷத఺͕ π ͱmͷަ఺ͱͳΔΑ͏ʹఆΊΔ. ͜ͷΑ͏ʹͯ͠ఆ·Δ

ม׵ f : P #→ f(P )Λฏ໘ π ʹؔ͢ΔڸөͱΑͿ.

ਤ 3.7 ۭؒ಺ͷฏ໘ π ʹؔ͢Δڸө

ฏ໘ π ,఺Λ௨Γݪ͕ ๏ઢϕΫτϧ͕ n⃗ = (α,β, γ)ͷͱ͖ʢͨͩ͠, n⃗͸୯ҐϕΫτϧ

ͱ͢Δ. ͭ·Γ, α2 + β2 + γ2 = 1ʣ, π ʹؔ͢Δڸө͸, ྻߦ

R−
(α,β,γ) =

⎛

⎝
1− 2α2 −2αβ −2αγ
−2αβ 1− 2β2 −2βγ
−2αγ −2βγ 1− 2γ2

⎞

⎠ = I3 − 2

⎛

⎝
α2 αβ αγ
αβ β2 βγ
αγ βγ γ2

⎞

⎠ (3.10)

ʹΑͬͯఆٛ͞ΕΔઢܗม׵Ͱ͋Δ*5.

*3 ͸ୈ͍ͯͭʹ࣮ࣄͰ͋Δͱ͍͏׵มܗө͕ઢڸ 3અͰड़΂Δ.
*4 ,өͷΈڸ఺Λ௨Δฏ໘ʹؔ͢Δݪ ઢܗม׵ͱͳΔ.
*5 ۭؒ಺ͷฏ໘ʹؔ͢Δڸө΋, Ұൠͷฏ໘ʹରͯ͠ఆٛͰ͖Δ͕, ׵มܗ఺Λ௨Βͳ͍ฏ໘ͷ৔߹͸ઢݪ
ʹͳΒͳ͍.
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௚ަม׵

ఆٛ 3.8. n࣍ਖ਼ํྻߦͰ, tAA = A tA = In Λຬͨ͢ྻߦ AΛ௚ަྻߦͱ͍͏ʢͨͩ͠,
tA͸ྻߦ AͷసஔྻߦΛද͢ʣ. ௚ަྻߦ A͕ఆΊΔઢܗม׵ fA Λ௚ަม׵ͱ͍͏.

ఆཧ 3.9. AΛ௚ަྻߦͱ͢Δ. ͜ͷͱ͖, ௚ަม׵ fA ͸ҎԼΛຬͨ͢;

(1) fA ͸಺ੵΛอͭ. ͢ͳΘͪ, ೚ҙͷϕΫτϧ v⃗, u⃗ʹର͠, ⟨fA(v⃗), fA(u⃗)⟩ = ⟨v⃗, u⃗⟩
͕੒Γཱͭ.

(2) fA ͸ 2 ఺ؒͷڑ཭Λอͭ. ͢ͳΘͪ, ೚ҙͷ఺ P,Q ʹର͠, P ′ = fA(P ), Q′ =

fA(Q)ͱ͢Δͱ, |PQ| = |P ′Q′|͕੒Γཱͭ.

Proof. (1) ϕΫτϧ p⃗, q⃗ Λ n × ྻߦ1 (n = 2, 3)ͱΈͳ͢ͱ, ಺ੵ ⟨p⃗, q⃗⟩͸ྻߦͷੵ tp⃗ q⃗

ͱղऍ͢Δ͜ͱ͕Ͱ͖Δ. ྫ͑͹, ۭؒϕΫτϧ p⃗ =

⎛

⎜⎜⎝

p1

p2

p3

⎞

⎟⎟⎠ , q⃗ =

⎛

⎜⎜⎝

q1

q2

q3

⎞

⎟⎟⎠ʹର͠,

tp⃗ q⃗ =
(
p1 p2 p3

)
⎛

⎝
q1
q2
q3

⎞

⎠ =
(
p1q1 + p2q2 + p3q3

)

ͱͳΓ, ্ࣜͷӈล͸ 1× ,Ͱ͋Δ͕ྻߦ1 ͜ΕΛ࣮਺ʢεΧϥʔʣͱಉҰ͢ࢹΔͱ, ⟨p⃗, q⃗⟩
ʹ౳͍͜͠ͱ͕Θ͔Δ. ͜ͷಉҰࢹͷԼͰ, ௚ަྻߦ A ʹର͠ ⟨fA(v⃗), fA(u⃗)⟩ Λ͢ࢉܭ
Δͱ

⟨fA(v⃗), fA(u⃗)⟩ = t(Av⃗) (Au⃗) =
(tv⃗ tA

)
(A u⃗) = tv⃗

(
tAA

)
u⃗ = tv⃗ In u⃗ = tv⃗ u⃗ = ⟨v⃗, u⃗⟩

ͱͳΓ, fA ͕಺ੵΛอଘ͢Δ͜ͱ͕Θ͔Δ*6.

(2) ఺ P,QͷҐஔϕΫτϧΛ p⃗, q⃗ Λ͢Δͱ,

|PQ| = ∥−−→PQ∥ = ∥q⃗ − p⃗∥ =
√

⟨q⃗ − p⃗, q⃗ − p⃗⟩

Ͱ͋Δ. Ұํ,

|P ′Q′| =∥
−−−→
P ′Q′∥ = ∥fM (q⃗)− fM (p⃗)∥ = ∥fM (q⃗ − p⃗)∥

=
√
⟨fM (q⃗ − p⃗), fM (q⃗ − p⃗)⟩

ͱͳΓ, (1)ͷ݁ՌΑΓ, |P ′Q′| =
√
⟨q⃗ − p⃗, q⃗ − p⃗⟩ = |PQ|ΛಘΔ.

஫ҙ 3.10. ಺ੵΛอଘ͢Δઢܗม׵͸௚ަมݶʹ׵Δ. ͭ·Γ, ೚ҙͷϕΫτϧ p⃗, q⃗ ʹର

ͯ͠, ⟨fA(p⃗), fA(q⃗)⟩ = ⟨p⃗, q⃗⟩ ͕੒ΓཱͭͳΒ͹, A ͸௚ަྻߦͰ͋Δ.

*6 2ͭ໨ͷ౳߸͸, ੵͷసஔͷੑ࣭ t(AB) = tB tAΛ͍ͯͬ࢖Δ.
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ఆཧ 3.11. AΛ n࣍௚ަྻߦͱ͢Δ. ͜ͷͱ͖, ҎԼ͕੒Γཱͭ;

(1) A͸ਖ਼ଇྻߦͰ͋Δ.

(2) |A| = ±1.

(3) Aͷୈ iྻΛ੒෼ͱ͢ΔϕΫτϧΛ a⃗i (i = 1, 2, . . . , n) ͱ͢Δͱ, ⟨⃗ai, a⃗j⟩ = δij ͕

੒Γཱͭ.

Proof. ௚ަྻߦͷఆ͔ٛࣜΒ, A−1 = tAͳͷͰ, (1)͸໌Β͔Ͱ͋Δ.

Ұൠʹ, ೚ҙͷਖ਼ํྻߦ A,B ʹର͠,

|AB| = |A|× |B|, |tA| = |A|

͕੒Γཱͭ. ͕ͨͬͯ͠, A͕௚ަྻߦͳΒ͹,

1 = |In| = |tAA| = |tA|× |A| = |A|× |A| = |A|2

ͱͳΓ, (2)ΛಘΔ*7.

࣍ʹ, ௚ަ͕ྻߦਖ਼ن௚ަجఈͱ͕ؔ͋܎Δ͜ͱΛड़΂Δ. ͦͷͨΊʹ, Λʮʢྻʣྻߦ

ϕΫτϧΛฒ΂ͨ΋ͷʯͱΈΔ. ྫ͑͹, ྻߦ A =

(
a11 a12

a21 a22

)
͸ 2 ͭͷϕΫτϧ

a⃗1 =

(
a11

a21

)
, a⃗2 =

(
a12

a22

)
͕ฒΜͩྻߦ

(
a⃗1 a⃗2

)
ͱݟͳ͢͜ͱ͕Ͱ͖Δ. ͢Δ

ͱ, Ұൠͷྻߦ A = (⃗a1 a⃗2 · · · a⃗n), B = (⃗b1 b⃗2 · · · b⃗n)ʹର͠,

tBA =

⎛

⎜⎜⎜⎜⎝

t
b⃗1
t
b⃗2
...

t
b⃗n

⎞

⎟⎟⎟⎟⎠

(
a⃗1 a⃗2 · · · a⃗n

)
=

⎛

⎜⎜⎜⎜⎝

t
b⃗1 a⃗1

t
b⃗1 a⃗2 · · ·

t
b⃗1 a⃗n

t
b⃗2 a⃗1

t
b⃗2 a⃗2 · · ·

t
b⃗2 a⃗n

...
...

. . .
...

t
b⃗n a⃗1

t
b⃗n a⃗2 · · ·

t
b⃗n a⃗n

⎞

⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎝

⟨⃗b1, a⃗1⟩ ⟨⃗b1, a⃗2⟩ · · · ⟨⃗b1, a⃗n⟩
⟨⃗b2, a⃗1⟩ ⟨⃗b2, a⃗2⟩ · · · ⟨⃗b2, a⃗n⟩

...
...

. . .
...

⟨⃗bn, a⃗1⟩ ⟨⃗bn, a⃗2⟩ · · · ⟨⃗bn, a⃗n⟩

⎞

⎟⎟⎟⎠

ͱͳΔͷͰ, A ͕௚ަྻߦͳΒ͹, tAA ͷ (i, j) ੒෼͸ ⟨⃗ai, a⃗j⟩ ͱͳΓ, tAA = In ΑΓ,

⟨⃗ai, a⃗j⟩ = δij ΛಘΔ.

*7 ௚ަྻߦͳΒ͹, ͕ࣜྻߦ ±1ͱͳΔͷͰ͋ͬͯ, |A| = ±1͔ͩΒͱ͍ͬͯ A͕௚ަྻߦͱ͸ݶΒͳ͍

͜ͱʹ஫ҙͤΑ. ͨͱ͑͹, ͤΜஅΛఆٛ͢Δྻߦ

(
1 a

0 1

)
͸ a ̸= 0ͷͱ͖௚ަྻߦͰ͸ͳ͍͕, ߦ

ྻࣜͷ஋͸ 1Ͱ͋Δ.
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3.2 ฏߦҠಈ

ఆٛ 3.12. ϕΫτϧ v⃗ ͕༩͑ΒΕ͍ͯΔͱ͖, p⃗ Λ p⃗ + v⃗ ʹରԠͤ͞Δม׵Λ v⃗ ΁޲ํ

ͷฏߦҠಈͱ͍͍, fv⃗ ͱॻ͘ʢͭ·Γ, fv⃗(p⃗) = p⃗+ v⃗ʣ.

஫ҙ 3.13. v⃗ = 0⃗ͷͱ͖, fv⃗ ͸߃౳ม׵ In Ͱ͋Δ.

ఆཧ 3.14. ฏߦҠಈ fv⃗ ͸ҎԼͷੑ࣭Λຬͨ͢;

(1) v⃗ ̸= 0⃗ͷͱ͖, fv⃗ ͸ෆಈ఺Λ࣋ͨͳ͍.

(2) fv⃗ ͸ 2 ఺ؒͷڑ཭Λอͭ. ͢ͳΘͪ, ೚ҙͷ఺ P,Q ʹର͠, P ′ = fv⃗(P ), Q′ =

fv⃗(Q)ͱ͢Δͱ, |PQ| = |P ′Q′|͕੒Γཱͭ.

Proof. (1) p͕⃗ fv⃗ ͷෆಈ఺ͳΒ͹, p⃗ = fv⃗(p⃗) = p⃗+ v⃗, ͭ·Γ v⃗ = 0⃗ͱͳΔͷͰ, ఆཧͷ

Ծఆʹໃ६͢Δ.

(2) ఺ P,QͷҐஔϕΫτϧΛ p⃗, q⃗ ͱ͢Δͱ,

|P ′Q′| = ∥
−−−→
P ′Q′∥ = ∥fv⃗(q⃗)− fv⃗(p⃗)∥ = ∥(q⃗ + v⃗)− (p⃗+ v⃗)∥ = ∥q⃗ − p⃗∥ = ∥−−→PQ∥ = |PQ|.

ྫ 3.15. ඪฏ໘্ͷํఔࣜ࠲ y = ax2 Λຬͨ͢఺ (x, y)શମͷͳ͢ਤܗʢͭ·Γ์෺ઢʣ

Λ C ͱ͢Δ. v⃗ = (v1, v2) ʹΑͬͯఆ·ΔฏߦҠಈ fv⃗ ʹΑΔ C ͷ૾ͷํఔࣜΛٻΊͳ

͍͞.

ղ. C ্ͷ఺Λ x⃗ = (x, y) ͱ͓͖, x⃗ͷ fv⃗ ʹΑΔ૾ fv⃗(x⃗) Λ X⃗ = (X,Y ) ͱ͓͘. ͭ·

Γ, (X,Y ) = (x, y) + (v1, v2) = (x+ v1, y+ v2). x⃗͸ C ্ͷ఺Ͱ͋Δ͔Β y = ax2 Λຬ

ͨ͢. x = X − v1, y = Y − v2 Λ y = ax2 ʹ୅ೖ͢Δͱ, (Y − v2) = a(X − v1)2. ͨ͠

͕ͬͯ, fv⃗ ʹΑΔ C ͷ૾ͷํఔࣜ͸, y = a(X − v1)2 + v2 Ͱ͋Δ.

3.3 ߹੒ม׵ͱٯม׵

3.3.1 ߹੒ม׵

ఆٛ 3.16. 2ͭͷม׵ f ͱ g ʹର͠,

p⃗ #−→ f(g(p⃗))

Ͱఆٛ͞ΕΔม׵Λ f ͱ g ͷ߹੒ม׵ͱΑͼ, f ◦ g Ͱද͢.

ྫ 3.17. (1) n࣍ਖ਼ํྻߦ A,B ʹର͠,

fA ◦ fB(p⃗) = fA(fB(p⃗)) = fA(Bp⃗) = A(Bp⃗) = (AB)p⃗ = fAB(p⃗).
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ͭ·Γ, fA ◦ fB = fAB ͕੒Γཱͭ.

(2) ฏߦҠಈʹ͍ͭͯ͸, fv⃗ ◦ fu⃗ = fv⃗+u⃗ ͕੒Γཱͭʢূ໌͸লུʣ.

Ұൠʹ, 2ͭͷม׵ f, g ʹରͯ͠, f ◦ g ̸= g ◦ f Ͱ͋Δ͜ͱʹ஫ҙͤΑ*8.

ฏ໘ʹ͓͚Δڸөͱճస

R2 ಺ͷݪ఺Λ௨Δ௚ઢ ℓʹؔ͢Δڸөม׵Λ f ͱ͢Δͱ, f ͸ྻߦ

R−
(θ) =

(
cos θ sin θ
sin θ − cos θ

)
(3.11)

ʹΑͬͯఆ·Δઢܗม׵Ͱ͋Δ͜ͱΛࣔ͢.

ℓ ͱ x ࣠ͱͷͳ֯͢Λ ϕ ͱ͢Δʢਤ 3.8 .ʣࠨ x ࣠ʹؔ͢Δڸөม׵Λ g ͱ͢Δͱ,

g(x, y) = (x,−y)ΑΓ, g ͸ྻߦ

(
1 0

0 −1

)
ʹΑͬͯఆ·Δઢܗม׵Ͱ͋Δ.

ਤ 3.8 ฏ໘಺ͷݪ఺Λ௨Δ௚ઢ ℓʹؔ͢Δڸө

఺ P ʹର͠ P ′ = f(P ), P ′′ = g(P )ͱ͠, ઢ෼ PP ′ ͱ ℓͱͷަ఺ΛM , ઢ෼ PP ′′ ͱ

x࣠ͱͷަ఺Λ H ͱ͓͘ʢਤ 3.8ӈʣ. ,өͷఆ͔ٛΒڸ △POM ͱ △P ′OM ͸߹ಉͳ

ͷͰ, ∠POM = ∠P ′OM Ͱ͋Δʢ͜ΕΛ αͱ͓͘ʣ. ಉ༷ʹ, ∠POH = ∠P ′′OH Λಘ

Δʢ͜ΕΛ β ͱ͓͘ʣ. ͢Δͱ α+ β = ϕͰ͋Δ͔Β, ∠P ′OP ′′ = 2ϕ͕੒Γཱͭ. ͭ·

Γ, hθ Λ θ-ճసม׵ͱ͢Δͱ,

f(P ) = P ′ = h2ϕ(P
′′) = h2ϕ(g(P ) = h2ϕ ◦ g(P )

ͱͳΔ. P ͷબͼํ͸೚ҙͳͷͰ, f = h2ϕ ◦ g ͕੒Γཱͭ͜ͱ͕Θ͔Δ. h2ϕ ΋ g ΋ઢܗ

ม׵ͳͷͰ, ྫ 3.17 (1)ΑΓ, f ͸

(
cos 2ϕ − sin 2ϕ
sin 2ϕ cos 2ϕ

)(
1 0
0 −1

)
=

(
cos 2ϕ sin 2ϕ
sin 2ϕ − cos 2ϕ

)

ʹΑͬͯఆ·Δઢܗม׵Ͱ͋Δ*9.

*8 f ◦ g = g ◦ f ͕੒Γཱͭͱ͖, ʮf ͱ g ͸Մ׵Ͱ͋Δʯͱ͍͏.
*9 (3.11)ࣜͷ θ ͸ 2ϕʹଞͳΒͳ͍.
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ఆཧ 3.18. ఺Λ௨Δ௚ઢݪ ℓ ʹؔ͢Δڸө͸ݪ఺Λத৺ͱ͢Δճసͱ x ࣠ʹؔ͢Δڸ

ө*10 ͷ߹੒ม׵ͱͯ͠ද͢͜ͱ͕Ͱ͖Δ.

ΞϑΟϯม׵

ఆٛ 3.19. ਖ਼ํྻߦ AͱϕΫτϧ v⃗ʹର͠, ฏߦҠಈͱઢܗม׵ͷ߹੒ม׵ f = fv⃗ ◦ fA
Λ Aͱ v⃗ ʹΑͬͯఆ·ΔΞϑΟϯม׵ͱ͍͏ʢͭ·Γ, f(p⃗) = Ap⃗+ v⃗ʣ.

ఆཧ 3.20. f Λྻߦ AͱϕΫτϧ v⃗ ʹΑͬͯఆ·ΔΞϑΟϯม׵ͱ͢Δ. ͜ͷͱ͖, 3఺

P,Q,R͕Ұ௚ઢ্ͷ఺ͳΒ͹, f ʹΑΔͦΕΒͷ૾ P ′, Q′, R′ ΋Ұ௚ઢ্ʹ͋Γ, ͞Βʹ

ͦͷൺ͸อͨΕΔ. ͭ·Γ, PQ : QR = P ′Q′ = Q′R′ Ͱ͋Δ.

Proof. 3఺ P,Q,R ͕ಉҰ௚ઢ্ʹ͋Δͱ͢Δͱ,
−−→
PQ = k

−→
PR ͱͳΔ k ͕ଘ͢ࡏΔ. ͭ

·Γ, P,Q,RͷҐஔϕΫτϧ p⃗, q⃗, r⃗͸ q⃗− p⃗ = k(r⃗− p⃗)Λຬͨ͢. ͜ͷͱ͖, f = fA ◦ fv⃗
ΑΓ

−−−→
P ′Q′ = f(q⃗)− f(p⃗) = (Aq⃗ + v⃗)− (Ap⃗+ v⃗) = Aq⃗ −Ap⃗ = A(q⃗ − p⃗) = k A(r⃗ − p⃗).

ಉ༷ʹ,

−−→
P ′R′ = f(r⃗)− f(p⃗) = (Ar⃗ + v⃗)− (Ap⃗+ v⃗) = Ar⃗ −Ap⃗ = A(r⃗ − p⃗).

Ҏ্ͷ͜ͱ͔Β,
−−−→
P ′Q′ = k

−−→
P ′R′ ΛಘΔ. ͜Ε͸ P ′, Q′, R′ ΋Ұ௚ઢ্ʹ͋Γ, ཭ͷൺ͕ڑ

PQ : QR = P ′Q′ = Q′R′ Λຬͨ͢͜ͱΛҙຯ͢Δ.

ఆٛ 3.21. ௚ަྻߦ AͱϕΫτϧ v⃗ ʹΑܾͬͯ·ΔΞϑΟϯม׵ f = fv⃗ ◦ fA Λ߹ಉม
.ͱ͍͏׵

஫ҙ 3.22. ௚ަม׵΋ฏߦҠಈ΋ 2఺ؒͷڑ཭Λอͭ*11 ͷͰ, ͦͷ߹੒Ͱ͋Δ߹ಉม׵

΋ 2఺ؒͷڑ཭Λอͭม׵Ͱ͋Γ, ೚ҙͷ 2఺ؒͷڑ཭Λอͭม׵͸߹ಉมݶʹ׵Δ.

3.3.2 ׵มٯ

ఆٛ 3.23. ม׵ f ʹର͠, f ◦ g = g ◦ f = I Λຬͨ͢ม׵ g Λ f ͷٯม׵ͱΑͼ,

g = f−1 ͱද͢.

ఆཧ 3.17ΑΓ, f−1
A = fA−1 , f−1

v⃗ = f−v⃗ Ͱ͋Δ. ઢܗม׵ͷྫ͔Β, ͲΜͳม׵ʹ͍ͭ

ͯ΋, ͦͷٯม͕׵ଘ͢ࡏΔͱ͸ݶΒͳ͍*12.

*10 ͜ͷม׵͸, ֦େɾॖখม׵Λ༩͑Δઢܗม׵ͷಛผͳ৔߹Ͱ͋Δ͜ͱʹ஫ҙͤΑ.
*11 ఆཧ 3.9 (2) ͓Αͼఆཧ 3.14(2)Λࢀর.
*12 ,ͷड़΂Δͱີݫ f ͕શ୯ࣹͷ৔߹ʹݶΓ, .Δ͢ࡏଘ͕׵มٯ


